Introduction. Let X be a regular Ti topological space and 2X the space of all closed nonempty subsets of X with the finite topology [8, Definition 1.7]. In [6] Ivanova has shown that if X is a noncompact ordinal space, then 2X is nonnormal. In this paper we give a new proof of this fact. This result is then used to show that several properties of 2X are equivalent to the compactness of X. It is not known if the normality of 2X is equivalent to the compactness of X. There are some partial results in this direction though. The paracompactness of 2X is shown to be equivalent to the compactness of X and the normality of 22 is also shown to be equivalent to the compactness of X. In the last part of the paper some properties related to the countable compactness of 2X are investigated. Notation. Because of our assumptions on X, X= { {x} :x£X} is a closed subset of 2X homeomorphic to X. The set <5n(X) = {FEX: F has at most ra points} is also closed. Furthermore, the space 2X is Hausdorff. For notation and further basic results on hyperspaces see
Introduction. Let X be a regular Ti topological space and 2X the space of all closed nonempty subsets of X with the finite topology [8, Definition 1.7] . In [6] Ivanova has shown that if X is a noncompact ordinal space, then 2X is nonnormal. In this paper we give a new proof of this fact. This result is then used to show that several properties of 2X are equivalent to the compactness of X. It is not known if the normality of 2X is equivalent to the compactness of X. There are some partial results in this direction though. The paracompactness of 2X is shown to be equivalent to the compactness of X and the normality of 22 is also shown to be equivalent to the compactness of X. In the last part of the paper some properties related to the countable compactness of 2X are investigated. Notation. Because of our assumptions on X, X= { {x} :x£X} is a closed subset of 2X homeomorphic to X. The set <5n(X) = {FEX: F has at most ra points} is also closed. Furthermore, the space 2X is Hausdorff. For notation and further basic results on hyperspaces see [7] or [8] . In particular we use (Uu • ■ ■ ,Un)= {AE2x:ACU?=i U{ and A Pi Ui y^0 for alii}. If each Ui is open in X, then {Ui, ■ ■ ■ , Un) is open in 2X and the set of such sets in 2X forms a basis for 2x. By considering such basic open sets it is clear that the set 3(X) of finite subsets of X is dense in 2X. We denote the cardinality of a set Z by \z\. 3. Normality of the hyperspace of the hyperspace. We will now need the fact that if X is a noncompact well ordered space, then 2X is nonnormal.
This result is due to Ivanova [6] and for completeness we now include a proof.
Theorem
3. If X is a noncompact ordinal space, then 2X is nonnormal.
Proof. Let X = [0, a) = {7:7 is an ordinal less than a}. By Theorem 1 we need only consider the case that X is countably compact. Proof. We will show that there is a limit ordinal a such that [0, a) can be imbedded as a closed subset of 2X if X is not compact. The theorem will then follow from Theorem 3 since 2t0a> will then be a closed subspace of 22 . Now suppose that X is not compact and let ff be a filter base of closed sets with empty intersection. Let us suppose that |sf| =0-and that a is the minimum cardinal with the property that there is such a filter base. That is, if 9 is a collection of closed sets in X with finite intersection property with | g| less than a, then the intersection of 9 is nonempty. Identify a with the first ordinal having that cardinality.
Then [0, a) has cardinality a and [0, 7) has cardinality less than a for 7 less than a. Then let fF be indexed by {Fa:a<a}.
By transfinite induction we define a sequence {aT:7<<r} in [0, <r) in the following manner. We let a0 = 0. Having defined ay let ay+i be the first a such that C\ { Fa:a=ay+i} is properly contained in n{F":aga7}. For 7 a limit ordinal, let aY = sup{ax'.X<7}. It is clear that this process may be continued until PI {Fay} -0. But this will require using all 7's less than a by the minimality of <r. Now let Gy = f\{ Fa:a^ay}. Then Gy is closed and Gy9£0 for all 7. Thus GyE2x. We now show that {Gy} is our required set.
Claim 4. Countable compactness and hyperspaces. We show that 2X can be countably compact and noncompact.
We also give an example of a countably compact completely regular space X such that 2X is not pseudocompact.
Definition. A space X is pseudocompact if each real valued continuous function is bounded. A space is strongly countably compact if each countable set has compact closure.
If a space is strongly countably compact, then it is countably compact. If it is countably compact, then it is pseudocompact. Neither of these implications is reversible in general. The property of being strongly countably compact has very interesting properties.
It is productive, closed hereditary, and preserved under continuous transformation.
The next theorem gives an additional result for this property. The following lemma is well known [9] . (Compare [5, 6.5 (IV), p. 86].) Lemma 
Thus F-1 is continuous from F(2X) onto 2X, and thus F is an imbedding.
Theorem 5. // X is normal and strongly countably compact, then 2X is strongly countably compact.
Proof. Let F: 2X-»2"x be defined as in the previous lemma. Then, by the previous lemma, Fis an imbedding. Let (Ki }<*! be a countable subset of 2X. Let (B be the closure of {F(Ki)\ jLi in 2^x and Q the closure of {.K\-}f=i in 2X. Since F is an imbedding, F(Q) = &r\F(2x). If we can show that 05CF(2X), then F(e) = ffi and thus C will be compact since (B is. Thus it will be sufficient to prove that (&EF(2X). It would be interesting to know if in Theorem 5 the assumption of normality can be reduced. At any rate, the theorem is sufficient for the next application.
Example. Let A be a noncompact countably compact ordinal space. Then X is strongly countably compact and normal. Thus 2X is strongly countably compact. Thus we have an example of a noncompact space X for which 2X is countably compact and hence pseudocompact.
Example. For each integer n greater than 1, Frolik [3 ] has given an example of a space X such that Xn~x is countably compact and X" is not pseudocompact.
In The author would like to express his gratitude to the referee for his helpful suggestions for improving the paper.
Added in proof. Assuming the continuum hypothesis the author has been able to show that 2X is normal if and only if X is compact.
